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Abstract 

We consider discretized gravity in six dimensions, where the two extra dimensions have 
been compactified on a hyperbolic disk of constant curvature. We analyze different real- 
izations of lattice gravity on the disk at the level of an effective field theory for massive 
gravitons. It is shown that the observed strong coupling scale of lattice gravity in discretized 
five-dimensional flat or warped space can be increased when the latticized fifth dimension 
is wrapped around a hyperbolic disk that has a non-trivial warp factor. As an application, 
we also study the generation of naturally small Dirac neutrino masses via a discrete volume 
suppression mechanism and discuss briefly collider implications of our model. 
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1 Introduction 



Theories with gravity in a curved space-time background exhibit a number of intriguing 
features. The warped metric of the Randall-Sundrum (RS) models [HE], for example, 
allows to address the gauge hierarchy problem by considering our four- dimensional (4D) 
world as a sub-manifold of a five-dimensional (5D) anti de Sitter space (alternatively, see 
Ref. [3]). Apart from that, the AdS/CFT correspondence [J| suggests in warped geometries 
an amazing gauge-gravity duality. Moreover, in string compactifications with fluxes, strongly 
warped regions in space-time offer a wide range of new phenomenological and cosmological 
applications and serve here, in particular, as a useful device for moduli stabilization [5]. 

A strong space-time curvature is also beneficial when formulating lattice gravity as an 
effective field theory (EFT) [61 [7J [8] (for related work see, e.g., Ref. |9j). Although lattice 
gravity has, to lowest order in its interactions, a strong analogy to the gauge theory case 
PTJ| [TTj it shows a radically different strong coupling behavior at the non-linear level. In 
5D flat space, for instance, the ultraviolet (UV) strong coupling scale depends on the bulk 
volume, or infrared (IR) scale, via a so-called "UV/IR connection" that would forbid to take 
the large volume limit within a sensible EFT [7J. This UV/IR connection can, however, be 
avoided for discretized gravity in 5D warped space-time [TSJ [13] (for warped non-gravitational 
extra dimensions see, e.g., Refs. [14], [To ] fTB] ) . which has been shown to work in the manifestly 
holographic regime and admits to take the large volume limit. 

In this paper, we consider a six- dimensional (6D) lattice gravity setup, where the two 
extra dimensions are compactified on a discretized hyperbolic disk. We first analyze a coarse- 
grained latticization of the hyperbolic disk and show that the UV strong coupling scale is 
essentially set by the inverse disk radius and becomes independent of the total number of 
lattice sites on the boundary. It turns out that, even in the large volume limit, all bounds 
from laboratory experiments, astrophysics, and cosmology on Kaluza-Klein (KK) gravitons 
are avoided whereas the model would still be testable at a collider. In a second example, we 
study a fine-grained latticization of the hyperbolic disk with nonzero warping. We determine 
approximately the complete mass spectrum and the wave-function profiles of the gravitons 
and estimate the local strong coupling scale on the disk. We find that the presence of the 
6th dimension can yield the theory on the boundary sub-manifold of the disk more weakly 
coupled than in the corresponding 5D warped case with a single latticized extra dimension. 
We also analyze the action of a bulk right-handed neutrino in the coarse-grained model and 
show that a large curvature of the disk allows to generate small active Dirac neutrino masses 
via a volume suppression mechanism. 

The paper is organized as follows. In Sec. [2J we introduce the extra-dimensional hyper- 
bolic disk that is then coarsely discretized in Sec.[3l where we also discuss collider implications 
of the model. Next, in Sec. HI we calculate the strong coupling scale for the coarse-grained 
latticization. In Sec. [5j we analyze the EFT for a fine-grained latticization with nonzero 
warping and demonstrate that the local strong coupling scale can be pushed to higher values 
when going from five to six dimensions. As an application, we present in Sec. M a mechanism 
for small Dirac neutrino masses in the coarse-grained model. Finally, in the Appendix, we 
derive the Fierz-Pauli Lagrangian on the hyperbolic disk. 
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2 6D warped hyperbolic space 



Let us consider 6D general relativity compactified to four dimensions on an orbifold K2/Z2, 
where K 2 is a two-dimensional hyperbolic disk of constant negative curvature. We use 
capital Roman indices M — 0, 1, 2, 3, 5, 6 to label the 6D coordinates x while Greek indices 
fj, = 0, 1, 2, 3 denote the usual 4D coordinates x^. The 6D Minkowski metric is given by 
Vmn — diag(l, —1, . . . , —1). A point on the hyperbolic disk K 2 is described by a pair of 
polar coordinates (r, (p) , where r = x 5 and <p = x 6 are the radial and the angular coordinates 
of the point, respectively; on K 2 , the coordinates r and p can take the values r 6 [0, L], 
where L > and p e [0,27r). We choose the coordinates such that r is the geodesic or 
proper distance of the point (r, p) from the center, i.e., L is the hyperbolic or proper radius 
of the disk. The orbifold K2/Z2 is obtained from K2 by imposing on the angle p the orbifold 
projection p — > — p, which restricts the physical space on the disk to (r, p) G [0, L] x [0, n]. 

We assume that the disk is warped along the radial direction like in the 5D RS scenario 
and that the radial coordinate r takes the role of the 5th dimension in the RS model. The 
6D metric for the warped hyperbolic disk c/mn is given by the line element 

ds 2 = e Mr) g.Jx, r, p)dx"dx u - dr 2 - 4 sinh> ■ r)dp 2 , (1) 

v 2 

where 1/v is the curvature radius of the disk with v > 0, g fll ,(x,r,p) is the 4D metric with 
x = and 

a(r) = —w ■ r, (2) 

where w is the curvature scale for the warping along the radial direction. We denote the 
components of the metric g MN in Eq. by = e 2a( - r) g^ u (x,r,<p), g 55 = -1, and g 66 = 
— v _2 sinh 2 (f r). This metric is defined for any values of r e [0, L], where the radius L is finite 
but can be arbitrarily large. Like in RS I PQ, we have assumed in Eq. ([1]) orbifold boundary 
conditions with respect to r at the center r = and at the boundary of the disk at r — L. 
While we identify the UV brane with the center at r = 0, we have IR branes residing at 
the orbifold fixed points on the boundary at r = L. The orbifold K 2 /Z 2 with the definition 
of the coordinates and the location of the UV and IR branes is shown in Fig. HJ In these 
coordinates, a concentric circle through a point (r, p) has a proper radius r and a proper 
circumference 27rw _1 sinh(fr). The proper area of the corresponding disk is 

A = J drdp^^g^l = ATTV~ 2 smh 2 (vr/2). (3) 

For ?;r > 1, the circumference and the area of the circle thus grow exponentially with r. 

It is interesting to compare our hyperbolic space with the Poincare hyperbolic disk. 
Introducing a new radial coordinate f that is defined by dr = (1 — ^v 2 f 2 )~ 1 dr 1 we find from 
Eq. (pQ) the Poincare hyperbolic metric 

ds 2 = e 2 ^) g ^f,p)dxW - 1— - (df 2 + f 2 d<^ 2 ), (4) 

(1 — jv z r z ) z 

where a(r) is obtained by replacing in a(r) = —wr the coordinate r by r(f). The metric 
in Eq. (j4j) has a coordinate singularity at r — 2/v corresponding to spatial infinity r —>■ 00. 
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Figure 1: Physical space of the orbifold KilZ-i- Shown are the coordinates (r, ip) of a point on 
the hyperbolic disk K2- The orbifold projection p — ► — ip identifies the upper half of K2 with the 
lower half (gray shaded region). The disk is warped along the radial direction with the UV and IR 
branes located at the center and at the boundary of the disk, respectively. 

The coordinate f is thus restricted to the interval f £ [0,2/v) whereas ip G [0, 27r). The 
polar coordinates (f, ip) define the Poincare hyperbolic disk, which is shown in Fig. [2] for the 
example of a semi-regular {6,6,8} tessellation. In Eq. PJ, we have 

In Fig. [21 the proper radius and proper circumference of a concentric circle through a point 
(f, (p) are —a(r)/w and 2 / !tf/(l— \v 2 r 2 ), which both diverge when approaching spatial infinity 
at r — 2/v. In the rest of the paper, we will, however, always use the coordinates (r, <p) and 
take the metric as given in Eq. (pQ). 

On the hyperbolic disk, we write the gravitational action as 



S = Ml J d b x^\g\(R-2A), (6) 

where g = det ()mn and it is implied that the integration over r and ip is restricted to the 
hyperbolic disk. In Eq. (Q, Mq is the 6D Planck scale, A the bulk cosmological constant, 
and R = g MN Rmn is the 6D curvature scalar, where Rmn denotes the 6D Ricci tensor. The 
relevant parts of the action can be written in the form 



Mi \ d b x 



i Mr) R4D - \~9 5 %(e 2 ^g, v )(g^g aP - g» a g uP )d r {e 2 ^g aP ) 

~g m d 9 (e 2 ^g^)(g^g^ - g^)d v (e 2 ^ g aP )] , (7) 

where we have defined \g\ = e - 8a ^\g\ and i?4D is the 4D curvature scalar with respect to 
the 4D metric g^ v (for a definition of R^ and a derivation of Eq. ([7]), see Appendix [A]) . 

We expand g^ u in terms of small fluctuations around 4D Minkowski spacd_| by replacing 
Qnv = T)fj, u + hfiu- To quadratic order, the kinetic part of the graviton Lagrangian density is 



*We also have = rf v - W v + h^h K v + 0(h 3 ) and b? v = if a T) vSi h aSi . 
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Figure 2: Poincare hyperbolic disk with semi-regular {6,6,8} tessellation |17] . 



then, after partial integration, explicitly found to be of the Fierz-Pauli form [TBI EE] 

"I 



Iin 



Ml 



L4 



d^hd^h 



2h^h fJL + 2/i M <9 M /i) 



^)(d r h af3 ) 



T) 7] 



+-e^v 2 siah- 2 {vr){d v h fiV ){r 1 ^r 1 aP - rTV^X^M 



(8) 



where ft, 



and h h 



d^h^y. In the analysis of the 5D model in Ref. [7], it has proven 
useful to neglect the 4D vector, scalar, and radion degrees of freedom. For simplicity, we 
have adopted here a similar gauge where we set h 5M = h 6M — 0, for M — 0, 1, . . . , 6. 

Let us now consider the 6D Einstein tensor Gmn = Run — \{JmnR for a flat 4D back- 
ground g^y = r)fj, u , in which case Gmn is on diagonal form Gmn = diag(Gn, G22, ■ ■ ■ , G^)- 
Up to corrections of the order e~ vr , the components of Gmn asymptote in the IR very 
quickly to G u = G 2 2 = G33 = — G 00 = (3vw — 6w 2 — v 2 )e~ 2wr , G 55 = 4vw — 6w 2 , and 
Gqq = — 10w 2 f ~ 2 sinh 2 (f r). In this limit, the 6D Einstein equations can be formally satisfied 
by (i) adding to the gravitational action in Eq. a "matter" action 



Ml 



d 6 x. 



TTT- a n 

1919 ri AB , 



(9) 



where uab denotes the tensor tiab = —Gab, and by (ii) setting the bulk cosmo logical 
constant A in Eq. (jBj) equal to A = —\G A A . Note that for zero warping w = 0, we obtain 
the exact result that the tensor tiab becomes constant throughout the bulk. 

In what follows, we will view discrete gravitational extra dimensions as a tool to explore 
general relativity without the need to explicitly solve Einstein's equations [12]. Here, the 
massive gravitons in the compactifled theory can be understood in terms of a graph consisting 
of sites and links called "theory space", and it is not necessary to find, e.g., the gravitational 
source for an action of the type in Eq. ([91). 
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Figure 3: Coarse-grained discretization of the hyperbolic disk K%. The circles represent the sites 
and are labeled as % = 0, 1, 2, . . . , N. On each site i lives a graviton field g % ^ v and two neighboring 
sites i and j are connected by a link (i, j)y m ^ (solid lines). 

3 Coarse-grained discretization 

In this section, we consider a discretization of the hyperbolic disk K2 with a metric as given in 
Eq. (Q. In particular, we analyze here the case where the warping along the radial direction 
is set to zero, i.e., it is w = 0, while the curvature radius v is non- vanishing. The general 
case, with both w^fl and v ^ 0, will be studied later in Sec. [5] 

3.1 Latticization 

Let us consider the coarse-grained latticization of the hyperbolic disk K 2 that is described 
by the diagram in Fig. [3] The diagram is spanned by iV sites located on the boundary of 
K2, which are labeled as i = 1,2, ... ,N with the identification i + N = i, while the center 
of the disk is represented by a single site i = 0. The sites on the boundary of K2 are evenly 
spaced on a concentric circle with proper radius L around the central site i = residing 
at the origin, i.e., the ith site on the boundary has polar coordinates (r, (p) = (L,i ■ Atp), 
where Atp = 2ir/N. In Fig. [3j two sites i and i + 1 on the boundary are connected by a link 
{i,i + l)n n k while the site i = in the center is connected to all N sites on the boundary 
by the links (0, i) ^ . To implement a lattice gravity theory in terms of this triangulation, 
we will throughout interpret the sites and links following the theory of massive gravitons in 
Refs. [HI [71 IB]. Here, each site i is equipped with its own metric g l , which can be expanded 
around flat space as g l = r]^ u + h % , where r]^ is the usual 4D Minkowski metric. In a naive 
latticization of the linearized action S\\ n in Eq. (jBJ), we then replace the derivatives on the 
sites as 

^-^-'•U d r h, u ^^ u -h%), (10) 
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which gives the Fierz-Pauli graviton mass terms^l 

r - 

S FP = M\ J d 4 x l m2 M» - tiDWrf* ~ *rrr p ){hU - hip) 



1=1 



KiP J} ■ 



where M4 is the "local" universal 4D Planck scale on each of the sites whereas m* and m 
respectively denote the proper inverse lattice spacings in radial and angular direction. To 
relate M 4 to M 6 , note that Eq. (j7j) yields upon discretization 



Mr 



d b x y/\g 



N 



N 

/ d4x V\(h\ 
i=o,i J 



:i2i 



where A is the proper area of the disk from Eq. (J3j) with r = L and g± = det g^ u . In Eq. (fl2l) . 
it is understood that the sum starts from i = for the kinetic terms and from i = 1 for the 
mass terms, respectively. The mass scales in Eq. (TTTi) can then be matched as 



Nv 



m* = — , m 

LJ 



2ir sinh(vL) 



Mi = ^p, .Up- .U (i '.l .u.r.v. 



(13) 



where Mpi ~ 10 18 GeV is the usual 4D Planck scale of the low-energy theory. In the basis 
{h G , h 1 , . . . , h^ u ), the (N + 1) x (JV + 1) graviton mass matrix reads 



Mi 



/AT -1 _l 
-1 1 
-1 1 



-1\ 



/0 

2 









-1 



-1 



•1 2 J 



(14) 



where the blank entries are zero. Diagonalization of M 2 leads to the graviton mass spectrum 



Ml 



0, M 2 n = ml + Amhm 2 — , M 2 N = (N + l)m*, 



(15) 



where n = l,2,...,iV — 1. Note that the spectrum in Eq. (1151) has been described previously 
for the gauge theory case [ZD, E2] . Denoting the nth mass eigenstate with mass M n as given 
in Eq. ffT5|) by , the mass eigenstates can be written as 



Tjn 



VNTT 
1 



1,1,1,...,! , 



H. 



N 



. • 2n-K • Anir 

(0,1, e'^r 



:(iV,-l, 



+ 1 



■ 2(JV-l)n7i 

e 1 ^ 



(16a) 
(16b) 
(16c) 



2 For a recent discussion of Fierz-Pauli mass terms and ghosts in massive gravity see Ref. 20 
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where in Eq. f!16bj) the index n runs over n — 1,2, . . . ,N — 1 and we have, for definiteness, 
taken N to be even. The mass eigenstates include a zero mode with flat profile. Note 
that the N — 1 massive eigenstates in Eq. f!16bl) are all exactly located on the boundary 
while the iVth massive mode H^ u in Eq. f)16cl) is peaked in the center. The tower of masses 

M n belonging to the states reproduces for n<]Va linear KK-type spectrum ~ m-n/N 
that is sitting on top of m*. From Eq. f[T3"j) . we also observe that the limit m <C can 
be realized for N ^> 1 with a sufficiently large value of vL. In this case, the N — 1 states 
in Eq. (116bl) become practically degenerate with mass m* and the iVth mode H^ v becomes 
very heavy, i.e., Mn ^> m*. 



3.2 Phenomenological implications 

It has been recently demonstrated that large extra dimensions can be hidden in "multi- 
throat" configurations where the occurrence of KK gravitons is delayed to energies that 
are much higher than the inverse radius of the extra dimension [23]. Such a multi-throat 
geometry is found in our coarse-grained model as a special case in the limit m — > 0. Therefore, 
by the same arguments as in Ref . [23] , the corrections to Newton's law in the coarse-grained 
model become only important when the distance between two test masses is shorter than a 
critical radius r crit ~ m^ 1 log N. For iV ~ 10 30 , e.g., we could thus have, like in large extra 
dimensions, the local Planck scale on the sites lowered down to M 4 ~ Mpi/y/N ~ 1 TeV 
while for m* > 100 MeV all current bounds on large extra dimensions from Cavendish-type 
experiments [21], astrophysics |25j, and cosmology [26] are avoided. 

The collider implications for the direct production of KK gravitons H n in e + + e~ — > 
7 + H n and p + p — * jet + H n reactions can be determined like in the large extra dimensional 
scenario: Standard Model (SM) matter located on a single site k on the boundary of the 
disk interacts with gravity as 

i r N ~ 1 i 

5 mt « ^ / d*x ( e-^Wfy + 3%, + -=H») + h.c, (17) 

^ n=l * 

where T^ u is the SM stress-energy tensor. We have in this expression for large N used the 
approximation iV + 1 w N. We see that SM matter has 1/Mpi suppressed couplings to the 
graviton zero mode and to the N — 1 quasi-degenerate modes, whereas the couplings to the 
heavy mode are even suppressed by a factor 1/y/NMpi. For example, assuming iV = 10 30 
sites and inverse lattice spacings m* = 14 TeV and m = 0.14 GeV, we find for a center-of- 
momentum (CoM) energy ^coM = 14.1 TeV and a quark energy E q > 10 2 GeV that the 
cross section for the production of an individual KK graviton via the parton subprocess 
q + g —> q + H n is a ~ 10~ 30 pb. This is, of course, not observable at a collider (as a 
detectability requirement of signal above background we take a > 1 — 100 fb [27]). But 
summing over the high multiplicity of iV = 10 30 states, we actually have here a total cross 
section cr to tai ~ 1 pb, which could give a signal at the LHC. The signal would be a jet plus 
missing transverse energy. Of course, a proper treatment of the reaction p + p — > jet + H n 
should take into account the summation over the parton subprocesses with the appropriate 
parton distribution functions, which is, however, beyond the scope of this paper. 
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Figure 4: Cross section o(e + + e~ — ► 7 + E^) m units of pb versus Ec m i n GeV. Shown is the cross 
section for the coarse-grained model with m* = 1000 GeV (dash-dotted), m* = 1250 GeV (dotted), 
and m* = 1500 GeV (dashed). In all cases, we have chosen m = 1 GeV and N = 10 30 sites. For 
comparison, we have also presented a typical ADD model with 2 extra dimensions and Mf = 2.5 
TeV (solid line). We have also made a kinematic cut by taking E 7 > 10 GeV. The coarse-grained 
model gives a signal that is qualitatively different from usual large extra dimensions. The sharp 
peak close to Eq m ~ m* is due to the nearly degenerate spectrum located around Eq m ~ m *- 
Below EcoM ~ fn* , the cross section drops to zero because of the mass-gap in the disk model. 

For a choice of parameters N = 10 30 , m* = 1.0 TeV, m = 1.0 GeV, -EcoM = 1.01 TeV, and 
a lower cutoff for the photon energy E 1 > 10 GeV, the cross section for the production of an 
individual KK mode via e + + e~ — > 7 + H n is a ~ 10~ 29 pb, which results in a total cross 
section of the order cr tota i ~ 8pb and could, e.g., be observable at the ILC. The signal would 
be a photon plus missing transverse energy. In Fig. HJ we present the cross sections for this 
reaction as a function of Eq m- We give the results for m* = 1000 GeV, m* = 1250 GeV, and 
m* = 1500 GeV. In all cases, we have chosen iV = 10 30 , m = 1 GeV, and a lower cutoff for the 
photon energy E 1 > 10 GeV. We have also made a comparison with the ADD scenario [3J for 
2 large extra dimensions and a fundamental scale Mf = 2.5 TeV. The coarse-grained model 
has a qualitatively different behavior compared to large extra dimensions. The sharp peak 
close to E CoM ~ m* is due to the nearly degenerate spectrum located around E Co m ~ m *- 
Below ^coM ~ m *, the cross section is zero because of the large mass gap between the zero 
mode and the first excited mode. 

In addition, the exchange of virtual KK modes could influence the cross sections for some 
SM processes which we will, however, not discuss in further detail here. 
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4 Effective theory 



In this section, we will study the strong coupling behavior of the coarse-grained model 
presented in Sec. 13.11 where we use throughout the EFT for massive gravitons introduced 
in Refs. [SI El HO- Before turning to the complete latticized disk, however, it is instructive 
to consider first the strong coupling scales in two of its sub-geometries. The first one is 
represented by the boundary of the disk, which we will call the "circle" geometry. The 
second one is obtained by removing the links on the boundary, and we will henceforth call 
this theory space the "star" geometry (for studies of related geometries, see, e.g., Ref. [25]). 
First, in Sees. 14.11 14.21 an d 14.31 we determine the strong coupling scale by restricting to 
the Goldstone boson sector. Then, in Sec. I4.4[ we discuss the strong coupling scale that is 
actually seen by an observer localized on a single site on the boundary of the disk. 

4.1 Strong coupling in the circle geometry 

To implement the EFT on the latticized hyperbolic disk K2, we replace in Eq. (JTOl) the 
differences ft* — h-^ between the graviton fields on two sites i and j that are connected by 
a link (z, j)n n k according to 

K v - K„ - - d.Y^Y^gip, (18a) 
where Yf, denotes a link field that can be written as 

y&M = + A U X ») + ( 18b ) 

in which A^- and <pij represent the vector and scalar components of the Goldstone bosons 
that restore general coordinate invariances in the EFT. For a detailed description of the 
technique for restoring general coordinate invariances, see Refs. [HI [71 [8]. 

The circle geometry is obtained from the coarse-grained latticized disk in Sec. 13.11 by 
assuming m* = and m nonzero. Since this reduces the model to the 5D lattice gravity 
theory discussed in Ref. [7J , we will only give a short review of this case here. 

The kinetic Lagrangian of the gravitons is found by specializing in Eqs. fflBl the links 
(h j)imk to the case (i, j)iink = l)iink, where i — 2, . . . , N, N + 1. As a consequence, we 

obtain from the Fierz-Pauli mass terms in Eq. ffTTj) for the circle geometry the action 

N 

S ciicle = S FP + d 4 x Mi Y,(Kv U Kv + ™ 2 [(^ - ^P^M-i + Wm-0 3 ])- (19) 

The kinetic mixing between the gravitons and scalar Goldstones can be eliminated by partial 
integration and a subsequent Weyl rescaling, which produces proper kinetic terms for the 
Goldstones [6]. As shown in Ref. [7J, this EFT for massive gravitons has a cutoff 

A circ ie = (iV 3 / 2 M 4 mf) 1 / 5 = (M P1 m 4 /iV 3 ) 1/5 , (20) 

where m\ = m/N is the mass of the lightest massive graviton, and we have used that the 
usual 4D Planck scale Mp\ ~ 10 18 GeV is related to the local 4D Planck scale on the sites 
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M 4 by Mpi = VNM4 [see Eq. ffTB"]) ]. The strong coupling scale A circ i e depends on the number 
of lattice sites N, i.e., on the circumference R = Nm~ l of the circle. The fact that the UV 
scale A circ i e depends on the IR scale R has been called UV/IR connection and restricts in a 
sensible EFT the possible number of sites to a maximal value iV max = (MlmR 3 ) 1 ^ 8 [7]. 



4.2 Strong coupling in the star geometry 

The star geometry arises from the coarse-grained disk model by setting the parameters 
m = and m* 7^ 0. Note that this geometry is similar to the multi-throat configuration 
which has been analyzed for the gauge theory case in Ref. [23]. In contrast to Sec. 14.11 we 
specialize here to the case in which the links (i,j)n n k in Eqs. ffT8l) are (^,j)imk = (^,0)imk, 
where i — 1, 2, . . . , N. We then get from the Fierz-Pauli mass terms in Eq. (TIT]) the action 



N 

5 star = s FP + d 4 x M 2 4 (h%nh% + J2(h^ah^ + 
J i=i 



m ^[ft-gn^ + (Dy 3 ])), (21) 



where we have also included the kinetic terms of the gravitons. In Eq. (1211) . the terms 
ml(h° — h % )D0o,« can be written as a (N + 1) x N kinetic matrix which is proportional to 



/ 1 


1 


1 . . 


• l \ 


-1 





.. 


. 





-1 


.. 


. 








-1 . . 


. 


v° 





.. 


-v 



(22) 



where the rows and columns are spanned by {h Q , h 1 , 



and 



^0,1^0,2, 



} 0,Nj 



respectively. To determine here the strong coupling scale, we express the gravitons on the 



T^v En=i e l2m ' n / N H'™,,, where we have introduced 



[IV 1 



boundary as the linear combinations 
the fields H'^ = H™ v , for n = 2, 3, . . . 

the basis of Eqs. (fTE]) given by the (N + l)-component vector H'^ v = 1,1,..., 1). 



N - 1, with H* v from Eq. ffl~6b]) while H'" v is in 



Similarly, we expand the scalar components of the Goldstone fields belonging to the links 

(i, 0) link as (j), 



8,0 



a/JV 



Y2n=i e l2m ' n ^ N &n- The matrix in Eq. (I22p gets then transformed to 



/0 

-1 













-1 
-1 











-1 



(23) 



where the rows and columns have been written in the bases (h° , H' 1 , H 
($1, $2, • • • , $iv), respectively. Let us next perform a rotation by the angle arctan(v / iV) 



r/2 

fiyi 



H'%,) and 
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acting in the 2- dimensional subspace (/t°„, H 1 ) from the left on the first and last rows 
of the matrix in Eq. (|23|) . This rotates away the entry in the top-right corner and 
introduces new basis vectors via (h®,H' u ) — > (H®, Hf^), with H® u and H^ v as defined in 
Eqs. (1 16 aft and (116bl) . respectively. We can then approximate the action in Eq. (l2Tj) by 

r N 

4t ar = 5 FP + / d 4 x Ml [h%Dh% + (h; v UH^ 

J n=l 

N 2 

- m^M>_ n ) + £ (|(D$„)(D$ m )(Dl n g)], (24) 

n,m=l 

where we have defined H~™ = H^~ n and = $jv-n- From this equation, we read off the 
graviton fields in canonical normalization H™ = M^H^, and, consequently, the canonically 
normalized scalar Goldstone modes are $ n = M 4 m^$„. In Eq. f }24"|) . we thus have 

Tfi^ 1 ^ 

M 4 2 ^|=(n$ ri )(n$ m )(n$_ n _ m ) = (D$ w )(D$ m )(D$_ n _ m ). (25) 

V N V-NM^m^ 

From the amplitude for $ n — $ m scattering, we hence find for the star geometry the strong 
coupling scale 

Astar = (VNM 4 mt) 1/5 = (M Pl mt) 1/5 , (26) 

which is independent from the number of sites N on the boundary. This is different from 
the circle geometry since the discrete radial derivatives in Eq. ( 12T1) do not depend on N. 
Therefore, the UV/IR connection problem from the circle geometry is absent in the star 
geometry. Note that the strong coupling scale in Eq. (1261) appears to be what we would 
naively expect in the theory of a single massive graviton with mass m* [6]. However, as 
we will see later in Sec. 14.4} the strong coupling scale actually seen by a 4D brane-localized 
observer on the boundary is in the limit m* — > M 4 smaller than in the theory of a single 
massive graviton. 



4.3 Strong coupling on the disk 

In the disk model of Sec. 13.11 the links form a mesh which would generally imply the presence 
of additional uneaten pseudo-Nambu-Goldstone bosons. These bosons, however, can acquire 
large masses from invariant plaquette terms that are added to the action [6]. In our model, 
we will therefore assume that these scalars decouple and estimate the strong coupling scale 
on the disk A^isk only from the scattering of the modes that are eaten by the gravitons. 
The combination of <S C i rc i e and 5 star gives, using the notation of Sec. 14.21 in momentum 
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Figure 5: Contributions to the scattering amplitude of the lightest massive graviton in the coarse- 
grained disk model. For large N, the scalar ^ is dominantly composed of $1, and the relative 
contribution from — scattering becomes suppressed by a factor ~ 1/iV 6 . 



basis the total action of the disk 

Y 

( H n r\h 

flu 



+ £ 



5 dl!k = Stp+fd'tlfjIiX + EfW 

J n=l 
N o 2 

□$„)(□$*)(□*—*) + „-*))], (27) 

where $ n and i?" are defined as in Eq. (1241) while the $^ are related to the scalar Goldstones 

<f>% t i-i of the circle geometry by (fiij-i = -^^2 n= i el2m n ^ N ^' n - From Eq. (127)1 . we hence find 
that the Goldstones $° which become the scalar longitudinal components of the gravitons 
are, for n <C N, approximately given by 

$^m^„ + 2vr-m 2 $;- (28) 

Thus, for large N, the field <3>° becomes dominantly composed of $ n , whereas & n makes up 
almost entirely the uneaten linear combination orthogonal to $°. Consider now in Eq. (1271) 
the tri-linear derivative coupling term involving the field $>' n . In the pure circle geometry 
discussed in Sec. 14.11 the coupling of this term becomes strong for large iV and is responsible 
for the UV/IR connection. In our disk model, however, the linear combination orthogonal to 
$° decouples. In this limit, since the admixture of $^ to $° is only of the order ~ 1/iV, the 
tri-linear coupling of <&' n in Eq. (1271) picks up a suppression factor ~ 1/iV 3 , when expressed 
in terms of the canonically normalized fields $° = M 4 $° , and takes approximately the form 

'□OW)(M-n- fc ) - Ar7/9 », „ (□*£)(□*»)(□*!»-»), (29) 



where we have assumed that n,k ~ 1 <C iV. Unless m is not too large compared to m*, the 
dominant contribution to the massive graviton scattering is therefore given by the tri-linear 
derivative coupling of the fields $ n in Eq. (1271) (see Fig. [5]). This coupling is similar to the 
term in Eq. (1241) that sets the strong coupling scale in the star geometry. For N — > oo, the 
strong coupling scale of the disk model Adisk thus converges to 

Adi S k^A s tar = (M P1 m^) 1/5 . (30) 
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(a) (b) 

Figure 6: Scattering of SM fermions via Goldstone modes. In the diagrams (a) and (b), we have 
n, k = 0, 1, 2, . . . , N, and k = I + m mod N. The high multiplicity of internal states [N for (a) and 
iV 2 for (b)] introduces an upper bound on the actually observed strong coupling scale of the order 
of the local Planck scale < M4. 



The EFT for massive gravitons in our disk model does therefore not suffer from the UV/IR 
connection of the circle sub-geometry and thus allows to take the large N limit. Again, 
the strong coupling scale in Eq. (|30l) has been estimated by considering the self-interactions 
of the Goldstone bosons only. Next, in Sec. 14.41 we will take the coupling to matter into 
account and determine the strong coupling scale that is actually observed on a single site on 
the boundary of the disk. 



4.4 Inclusion of matter 

The strong coupling scales given for the star and the disk model in Eqs. f l26|) and fl30l) are, 
of course, deceptive, since they have been derived by looking at the Goldstone boson sector 
alone. To find the actual strong coupling scale as seen by an observer, we have to take 
into account the coupling of the Goldstone modes to SM matter. In what follows, we shall 
therefore consider SM matter located at a single site k of the boundary, which interacts with 
gravity via the action iS int as given in Eq. (|17|) . After an appropriate Weyl rescaling (for 
details see Refs. [6j [13]), <S int leads to the following interaction between the Goldstone bosons 
and matter: 

„ N-i 1 
SL « ^ J d 4 x( £ e-^ N ^ n T + ^oT) + h.c, (31) 

where T = Tr(T M ^) and we have approximated N + 1 « N. Note that the coupling of T 
to an individual Goldstone boson $ n is suppressed by a factor 1/Mp\, but the sum over the 
high multiplicity of Goldstones can lower the strong coupling scales estimated in Sees. 14.21 
and 14.31 significantly. SM fermions, for example, see strong coupling effects via processes of 
the types shown in Fig. [61 From dimensional analysis, we estimate for the diagrams (a) and 
(b) in Fig. [6] that the strong coupling scales as seen by a SM observer become roughly 

Diagram (a) : A disk — > M 4 , Diagram (b) : A disk — > a/ 'M 4 m*. (32) 

The actual strong coupling scale is therefore lower than that of the theory of a single massive 
graviton. However, since the strong coupling scales in Eq. (|32|) are, for a fixed local Planck 
scale M4, independent from the number of sites A^ on the boundary, the UV/IR connection 
problem is still absent - even after taking into account the high multiplicity of Goldstone 
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Figure 7: Fine-grained discretization of the hyperbolic disk. The graph shows the special case 
i = 2 and fc max = 4. Angular links are represented as dashed lines and radial links as solid lines. 

bosons that couple to SM matter. When taking the limit m* — > M4, we find for diagram 
(b) in Eq. fl32|) that the strong coupling scale seen by an observer becomes Adisk — ► M4, that 
means, the actually observed strong coupling scale Adisk can be as large as the local Planck 
scale M 4 on the sites of the boundary. 

5 Fine-grained discretization 

In this section, we will consider a refinement of the discretization of the hyperbolic disk 
described in Sec. El Different from our earlier discussion, however, we will now assume that 
the disk is strongly warped along the radial direction and consider finally also a nonzero 
warping in angular direction. 

5.1 Structure of the graph 

In choosing a refined discretization of the hyperbolic disk, we will, in what follows, confine 
ourselves to the class of graphs that are collectively represented by Fig. 0, where we interpret 
the sites and links as in Sec. 13 . 11 The sites are placed on concentric circles (dashed lines) 
around a site in the center of the disk. Starting from the innermost circle and going outward, 
the circles are labeled as k = 1, 2, ... , fc max , where the outermost circle, labeled by fc max , is 
identified with the boundary of the disk. Fig. [7] depicts the special case /c max = 4. 

Let us now specify the structure of the graph in more detail. We distinguish between two 
types of links: "angular" and "radial" links. In Fig. [7J the angular links connect neighboring 
sites on the same circle and are shown as dashed curved lines; the radial links connect 
neighboring sites that are not on the same circle and are drawn as solid straight lines. 

The site in the center is connected with £ radial links to the sites on the first circle. Every 
site on the kth circle, where 1 < k < k max , is connected by I radial links to the nearest i 
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sites on the next outer circle with label k+1. In Fig. [7J we have the special case 1 = 1. To 
maximize the symmetry of the graph, we assume that all sites on a given circle are evenly 
spaced and that the links emanating outward from any given site on some inner circle with 
label k < fc max are always symmetrically arranged with respect to a 2-fold mirror symmetry 
axis through this site and the center of the disk. In what follows, we will, for simplicity 
and unless otherwise mentioned, specialize to the case £ = 2 as in Fig. [7J but leave /c max a 
free positive integer parameter. The generalization to £ > 2 is then straightforward. On the 
fcth circle, we hence have iV& = 2 k sites, and the total number of sites on the first k circles 
is jV2° tal = 2 k+1 — 1. For later notational convenience, we denote by jV^ * 3,1 = jV = 1 the 
number of sites (only one) in the center. We wish to emphasize that the exponential growth 
of lattice sites, when moving from the center outward on the disk, is a salient feature of our 
graph that will play an important role in the study of the EFT in Sec. 15.61 

Similar to the 5D case in Ref. [12], we assume that the radial geodesic coordinates of the 
sites are integer multiples of a common proper radial lattice spacing a r and take the values 

rk = k ■ a r , (33) 

where k = 0,1,2, ... , /c max , i. e., the kth circle has a proper radius r k . We define m* = l/a r as 
the inverse radial lattice spacing between two adjacent circles. Furthermore, since the sites 
on each given circle are evenly spaced, we define the lattice spacing in tp direction between 
two neighboring sites on the kth circle as a 9 ^ — 2tt smh(vrk)/(vNk), where 2tt sinh(t> rk)/v 
is the proper circumference of the kth circle. The inverse lattice spacing in (p direction on 
the kth circle will then be written as m k = l/a v ^, which is in general fc-dependent. 

To simplify further the discussion as much as possible, we will, in what follows, go to an 
approximation in which all radial links have the same universal proper length a r . This is, 
of course, an arbitrarily good approximation for the set of radial links that radiate outward 
from the kth circle when k ^> 1 and vL <C 1. However, in our approximation, we even 
assume that all the i\T^ otal — 1 radial links on the disk have a common proper length a r , 
irrespective of their position on the disk or the size of the curvature radius. 

5.2 Radial warping 

Let us now consider the implementation of a nonzero warping along the radial direction of 
the refined discretized hyperbolic disk introduced in Sec. 15.11 The graph we are concerned 
with is of the type given in Fig. [7J where the number of circles k mSuX can be arbitrary. In 
this section, we will, for simplicity, neglect the effect of the angular links (dashed lines) and 
assume that the graviton masses are generated only by the radial links (solid lines). As we 
will show in Sec. I5.5[ the angular links can be easily taken into account in full generality for 
the complete disk model and do not have significant impact on the relevant properties of the 
model with radial links only. 

Each site on the disk can be specified by an index pair (k,j), where k is the label of the 
circle where the site is located and j = 1,2, . . ., iV& labels (e.g., in clockwise direction) all 
the sites on this circle. The site in the center carries the index pair (0, 1). The metric living 
on the site {k, j) is written as g k 'J = rj^ + hM, where hM is the graviton field on this site. 
We adopt a similar notation in momentum space and denote the canonically normalized 
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Fi gure 8: Sub-graph of the discretized hyperbolic disk obtained by truncating the disk at fc max — 3. 
The horizontal dashed lines represent segments from the concentric circles with labels k = 1,2,3. 
The labeling of the sites as (k, i) is made explicit for the associated metrics g^i (see text). 

graviton mass eigenstates by nf£, where k = 1,2,..., fc max and j = 1, 2, . . . , while H?£ 
is the zero mode. The mass eigenvalue belonging to will be denoted by A^. 

To specify the labeling of the sites more exactly, consider Fig. [HJ which is another way 
of representing the inner part of the disk in Fig. where the center appears now at the 
bottom of the graph and the concentric circles are shown as dashed horizontal lines. The 
radial links are again drawn as straight solid lines. In the above notation, any given site 
(k, i) on the fcth circle, where k = 0, 1, 2, . . . , k max — 1, is connected via two radial links with 
two nearest neighboring sites (k + 1, ji) and (k + 1, j'2) on the next outer circle. The indices 
ji and j 2 are recursively defined as functions of the index i by setting j\ — 2(z — 1) + 1 
and j'2 = 2(i — 1) + 2. Starting with the label (0, 1) for the center, this prescription fixes 
completely the assignment of labels for all sites on the circle by requiring the indices % in 
(k,i) to be ordered, e.g., in clockwise direction on the disk. The labeling is shown explicitly 
in Fig. [HJ for the fields gfy living on the sites (k,i). 

To introduce the warping along the radial direction of the fine-grained latticized disk, we 
proceed exactly like in the discretized 5D RS model in Ref. [12] and replace in the linearized 
gravitational action in Eq. (J8J), e.g., the derivatives in the r direction by 



where it is understood that the sites {k — 1, i) and (k,j), with k — 1, 2, ... , fc max , are nearest 
neighbors on adjacent circles connected by a radial link. It is convenient to introduce a 
dimensionless number e < 1, which is related to the warp factor by e = e~ wav . Since from 
each site in the interior of the disk exactly two radial links are pointing outward, the index 
j in Eq. (1511) can be either j — 2(i — 1) + 1 or j = 2(i — 1) + 2. We thus obtain for the 
discretized action on the warped hyperbolic disk 



e~ 2wr d r h 



^—2wka r 

a r 



(34) 




fc=0 i=l 



(35) 
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where Sfp are the Fierz-Pauli mass terms 



/"'max n. x 
d 4 x £ £ m,V fc _ h k ^)( V ^ - rrv" )^ 1 '* - h k £) 

k=l i=l 

- /&* +1 x»rv* - irrt - ^ ni+1 )l > ( 36 ) 



in which, according to our labeling, the index is given by rij = 2(i — 1) + 1, where 
i = 1,2,..., iVfc_i. From the kinetic terms in Eq. ( 1551) . we find that M k = M±e k is the local 
Planck scale on each site on the fcth circle. In the basis of canonically normalized fields 

\% = M,e k h%, 

between two fields hM and ftM is given by 



h^l = M 4 e h?£, we find from the Fierz-Pauli mass terms that the mass matrix element 



^(JM)G,i) = — e 2(m) [(2e 2 + e 2 )5 k ,i5 itj - e ^jfc+i.j^j + 5n<+ij) — £^-1^/2] j], (37) 



where it is assumed that k > 0, while n« is as in Eq. (156)) . and |~. . .] is the ceiling function. 
The matrix element M( 0) i)(y) is obtained by dropping in Eq. (|3"7|) the quantity e~ 2 . In what 
follows, we will work in the "rough, local flat space approximation" of Ref. [12], where the 
product wa r is moderately small, i.e., wa r < 1. In this approximation, the mass matrix in 
Eq. (157)) reduces to 

M( kj i)(ij) — e 2(m) [(2 + e~ 2 )4,A,j - (£■«., ,j + <W+i,i) _ 4-iAi/2~|,i]> ( 38 ) 

where > 0. To arrive at Eq. (155)) . we have set in Eq. (157)) e, e 2 = 1 but kept e~ 2 and the 
higher powers e 21 which can be small for / ^> 1. The matrix element M^i),(i,j) is in this 
approximation obtained from Eq. (1551) by dropping e~ 2 . Note that this mass matrix is what 
one would expect in the corresponding gauge theory case [H, [151 EH] • 

Let us now comment on the range of parameters we are interested in. Like in the RS 
model, we will assume that the usual 4D low energy Planck scale Mpj ~ 10 18 GeV is given by 
the local Planck scale M4 on the UV brane, i.e., we set M4 ps Mpi, which holds approximately 
as long as e ■£ < 1, say, if e • £ < 0.5. For definiteness, we can, e.g., take the inverse radial 
lattice spacing m* ~ (0.05) x M4, assume that the small expansion parameter is e ~ 0.1, and 
suppose that the curvature scale for the warping w is somewhat smaller than the fundamental 
scale, i.e., w ~ (0.1) x Mp\. To realize for these parameters, e.g., the RS I model with the 
SM on one of the sites on the boundary of the disk, we need on the boundary a local Planck 
scale Mfe max = e fcmax Mpi ~ 1 TeV, which implies that in this case the disk has a proper radius 
that is roughly fc max = 0(10) units a r wide. For our special case with £ = 2, we would then 
have ./V/; max = O(10 A ) sites on the boundary. 

If we want that m* becomes as large as m* = M 4 ps Mpi, while keeping the same number 
of sites on the boundary and w ~ (0.1) x Mpi, we can "smooth out" our graph by inserting 
between each pair of neighboring circles roughly 20 extra circles on which the number of sites 
iVfc grows sufficiently slowly when moving outward on the disk. This is achieved by formally 
replacing in the above example e — > e 1 / 20 = (0.1) 1 / 20 and £ — > f 1 / 20 = 2 1 / 20 , in which case we 
would have N k = £ k ^ 20 and a proper radius that is /c max ~ O(10 2 ) units M^ 1 wide. 
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5.3 Spectrum for a subgraph 



Before analyzing the masses and eigenstates of the gravitons in the model for an arbitrary 
number of circles /c max , let us first study the spectrum for the subgraph in Fig. El From 
Eq. ( 138]) . we find in the basis (h?'l, h 1 '^, h 1 ' 2 , h^, h 2 ' 2 , h%%, /c 4 ) for the graviton mass matrix 



M 2 = m 2 e 2 
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t 2 ) 



(39) 



where we have truncated the graph in Fig. [8] at the dashed line labeled by k = 2. In what 
follows, we will determine the masses and mass eigenstates of the gravitons to leading order in 
perturbation theory following the example of the warped gauge theory case in Refs. [HJ [23] ■ 
In the following, we choose a convention where the mass eigenvalue A^ belonging to Hjj£ 
measures the actual mass in multiples of m 2 . The mass eigenstates of the matrix in Eq. fl39l) 
contain a flat zero mode 



and two heavy modes 



H 



0,1 



V7 



1,1,1, 1,1, 1,1) 



A 



o.i 







(40a) 



H 



i.i 

fJ,V 



V2 



(0,-1,1,0,0,0,0) : A^e 2 



H 



1.2 



-^=(-2,1,1,0,0,0,0) 



: A!, 2 = 3e 2 



(40b) 
(40c) 



where we have listed in each line also the eigenvalue corresponding to each eigenstate. Ob- 
serve that the zero mode has an exactly flat wave-function profile whereas the two heavy 
modes are more localized toward the center of the disk. Furthermore, the spectrum contains 
the following three degenerate states 



H$ = 1(0, 0, 0, 1, e i2 ^/ 4 , e i4 ^/ 4 , e i6 ^ 4 ) : A 2j = e 4 , 



where j = 1, 2, 3, as well as the slightly heavier mode 

1 



H 



2,4 



— (-4,-4,-4,3,3,3,3) : A 2 , 4 = -e 4 
84 o 



(40d) 



(40e) 



It is important to note that the mode profile in Eq. f)40ep and the flat profile of the zero 
mode in Eq. (140 aft are only a result of going in Eq. fl38|) to the rough, local flat space 
approximation. We will discuss the differences to the exact profiles in the following section. 
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5.4 Spectrum for the general case 



Let us now consider the graviton spectrum for an arbitrary number of concentric circles 
& max in the rough, local flat space approximation of Sec. 15.21 We determine the eigenvalues 
and eigenstates of the graviton mass matrix to leading order in perturbation theory like in 
Sec. 15.31 In this general case, we thus find that the graviton mass matrix has a flat zero 
mode 



^ = ^_(1, !,...,!) : A ,i = (41) 



1 



Aftotal 



and two heavy modes 



1 



H 1 ^ = -^(0,1,^,0, ■ Ki = e\ (12) 

1 



£i 2 = -W-2,l,l,0,...,0) : A li2 = 3e 2 . (43) 



VE 



In addition, there are for each circle with label k = 2, 3, ... , /c max in total Nk — 1 degenerate 
modes that read 

H k J = -L(0, . . . , 0, 1, e i2 ^' /7 \ e i4 ^' /7 \ . . . , e ^o{N k -x)/N^ 0, . . . , 0) : X kJ = e 2k , (44) 



where j = 1, 2, . . . , — 1. These modes are all located on the kth circle. For each k = 
2,3, ... , k max , this set of N k — 1 states is accompanied by a single slightly heavier mode which 
has an eigenvalue Xk,N k ~ 2e 2fc and is approximately given by 



1 

=(-1 

otal v v 

jytotal 7V fe 



Note that, to leading order, these modes vanish outside the fcth circle. As in Sec. 15.31 these 
"delocalized" profiles and the flat zero mode H?£ in Eq. ( 14TI) are only an artifact from 
working in the rough, local flat space approximation. In Fig. |9l a numerical calculation 
shows that the original mass matrix in Eq. fl37|) in fact reproduces a zero mode that is, as 
expected from the RS model, localized on the UV brane. Also the slightly heavier modes 
in Eq. ( 1451) become actually localized on single circles. The spectrum and wave-function 
profiles of the gravitons for the general case are summarized in Table [U 



5.5 Effect of angular links 

We can include the effect of the angular links on the total graviton mass matrix in Sec. 15.41 
by adding to each sub-block spanned by the fields on the kth circle a matrix of the form 

M* = m 2 k e 2k {25 h] - 8^ - 8 i+1)j ), (46) 
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Table 1: Mass spectrum and wave- function profiles for the gravitons in the rough, local flat space 
approximation, taking into account radial links only. Here, Nf. = 2 k and k = 2, 3, . . . , fc max - 
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Fi gure 9: According to the "exact" mass matrix in Eq. (|37p . the left plot shows for fc max — 4 
and e = 0.1 the exact mode profiles of the zero mode (drawn as circles) and the 7th massive mode 
(drawn as stars). The latter would in the rough, local flat space approximation correspond to the 
mode in Eq. (|45]). The vertical dashed lines separate the sites on each circle, which illustrates that 
the zero mode is localized near the UV brane (j = 1) and that the 7th mode has support only on 
the third circle (j = 8, . . . , 15). The right plot shows the "exact" mass spectrum, where the 7th 
massive mode is marked by a box and the zero mode has been omitted. 
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where i,j = 1, 2, ...,Nk and mk is the proper inverse lattice spacing on the fcth circle as 
defined in Sec. 15.11 The inclusion of angular links in the fine-grained model is therefore 
similar in effect to what happens in the example of the coarse-grained model in Sec. 13.11 
Switching on the angular links leaves the zero mode unaffected but changes the masses of 
the degenerate modes in Eq. (Jill) as 

2 \ 2 2k , a 2 2k • 2 J 71 " I An\ 

m^Xkj-^m^e + Am k e sin — , (47) 
where j = 1,2, . . . , N k . This is the analog of Eq. (II5T) . 



5.6 Local strong coupling scale 

Let us now consider the local strong coupling scale on the discretized hyperbolic disk. In 
determining the strong coupling scale, we will restrict here ourselves first to the Goldstone 
boson sector. Later, in Sec. 15.71 we will take the coupling of the Goldstone bosons to matter 
into account and discuss the strong coupling scale that is actually experienced by a SM 
observer localized on a single site on the boundary of the disk. By the same arguments as in 
Sec. 14. 3[ we will restrict ourselves here again to the case where only the effect of the radial 
links is taken into account and the interactions associated with the angular links can be 
neglected in the large Nk limit. To analyze the effective theory, we will use a new notation 
for the link fields that is different from the labeling employed previously in Sees. 13.11 and HI 
From now on, in the notation of Sec. 15.41 a radial link field connecting two sites (k — 
and (k,j) on two adjacent circles labeled by k — 1 and k, where k = 1,2,... , Nf~, will be 
denoted by Y^-{x^). In analogy with Eq. f!18bj) . we expand this link field in the new notation 



k,j {X/j, 



From Eq. ( l36l) . we then find for the total action 
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iVfe- 



S FP + / d 4 x Mi 



(48) 



k=l i=l 



where rii — 2(z — 1) + 1. In the basis of canonically normalized fields h k 'l = M A e k h k ^, the 
action <Sii n reads 



5, 



lin 



iSfp + / d 4 x 



k=l i=l 



■ (49) 



+ M 4 my k (eh k -^ - h k ^ +1 )n<p k ,n t+ i + M 4 V e 4 fc[(D0M j3 + (D0fcin!+1 



Like in the rough, local flat space approximation of Sec. 15.21 let us now set in Eq. (141)]) e = 1 
but keep the higher powers e 3k since k can be large. Consider now the subgraph in Fig. [8] for 
the case k m&x = 2. For this subgraph, the kinetic mixing terms in Eq. ( )49l) can be organized 
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in a kinetic matrix that is proportional to 
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(50) 



where we can choose a labeling such that the the rows and columns of the kinetic matrix 
are spanned by (h ^, h 1 ^, h 1 ^, h$, h 2 ^, h 2 $, h 2 fi and (0i,i, 0i, 2 , 02,i, 02,2, 02,3, 02,4), respec- 
tively. Since the top-left 3x2 sub-matrix in Eq. (150]) has the rank 2, we see that the 
mixing between two scalar Goldstones <pk,i and <f>ij is small and only of the order ~ e 3 for 
k 7^ I, i.e., the Goldstones associated with different concentric circles mix only little with 
each other. Let us expand the Goldstones as <pi }i = 4j Ylt=i el2m n ^ 2 ®i,n, for i — 1,2, and 



!>2,i = ^Eri=i e ' 2 ' n "^2 ) )i! f° r i — 1,2,3,4. Rotating to the basis of graviton mass eigen 
(H 

of Goldstones ($1,1, $1,2, $2,1 



states {H^,H^,Hl;lH 2 ^,H^ 2 ,H 2 ^ ,H 2 ^), as given in Eqs. (0QD, and going to the basis 
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$2.3, $2.4), the kinetic matrix in Eq. ( 1501) becomes 
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(51) 



which is, up to corrections of the order ~ e 3 , on diagonal form. In a similar way, for 
general /c max > 2, the kinetic mixing terms in Eq. (T4"9l are approximately diagonalized 
by transforming to the graviton mass eigenbasis spanned by the fields fib?, as defined in 

1 En=i e i2 ^ n/7Vfc $ fc ,n, where k = 



Sec. I5.4[ and by expanding the scalar Goldstones as - 



1,2, 



^max and i 



1,2, . . . , Nk- In this basis, the action in Eq. (1491) is then approximately 
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(52) 



where we have used the definitions H k ' u 



f[k,N k - 

(IV 



k,Nk—n- 



and $ fe _„ 

read off the canonically normalized fields <&k,n — M^m 2 e 3k ^i : ,n 
the tri-linear derivative coupling terms in Eq. (l52l) become 

M 4 2 -^(D$ fc , n )(n$ fe , m )(n$*,_ n _ m ) - ____(n$ fc )(Q$ fc )(D$ fc 



W k M k mie ik 



From Eq. (1521) , we 



In canonical normalization, 



(53) 
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where Mk = M 4 e fc . Similar to Sec. HI we then find that the modes <&k,n in Eq. fl53|) become 

strongly coupled at a scale 

Ag D = (^/N~ k M k my k ) 1/5 - (54) 

The important point is here the presence of the factor Nj,, which can render the modes 
<&k,n more weakly coupled when Nk becomes exponentially large. Such a factor Nk is absent 
in 5D lattice gravity models, i.e., the presence of Nk in Eq. fl54|) is a result of working in 
a 6D setup. Setting, e.g., the inverse radial lattice spacing equal to m* = M 4 , it follows 
that Ajp = N^ 10 Mk, which would be a factor N^ 10 above the local Planck scale But 
having A^P significantly above Mk requires many sites Nk on the kth circle. In our special 
example in Sec. [OJ with m* = M 4 « M Pi , e = (0.1) 1/20 , £ = 2 1/20 , w ~ (0.1) x M P1 , and 
A; max ~ O(10 2 ), we have A^f ax « 3 x M fc . For the same parameters, only with I changed to 

t ~ 5 1 / 20 , we obtain N^ 10 ~ 10 while keeping (e • £) 20 ~ 0.5 sufficiently small. Also, in our 
example in Sec. 15. 2\ where ~ (0.1) x Mpi, e ~ 0.1, and w ~ (0.2) x Mp\, we obtain for 
t = 4 and A; max = 15 a strong coupling scale Ajg^ « (1.3) x M fcmax . 

The scale A| D in Eq. (154")) has been found by first going in Eq. (149]) to the rough, local 
flat space approximation and then neglecting the mixing between the modes on neighboring 
circles. We will now, however, be interested in taking the nonzero mixing effects between the 
modes on neighboring circles into account. In doing so, we will follow closely the argumen- 
tation presented for the warped 5D case in Ref. [12], and for the rest of this section, we will 
restrict ourselves to the interesting case where m* = M 4 « Mpi and w ~ (0.1) x M-pi- Like in 
the 5D example, the modes which are relevant for the strong coupling scale at some site have 
a maximum wavelength in radial direction which is of the order of the inverse curvature scale 
1/w, and it is these long- wavelength modes which become most earliest strongly coupled. 
Considering within distances ~ 1/w in radial direction the space as locally flat and treating 
the modes in this regime as plane waves, it is seen in our calculation that the mixing of the 
modes between neighboring circles can be approximately taken into account by sending in 
Eq. (JMD ™y k -> (w/M 4 ) 4 m y k and ^W k -> {M A /wfl 2 ^W k - We thus obtain from Eq. (j53J) 
a local strong coupling scale at the kth circle that is approximately 

A 6 Z P = ^(VN k M k rnie^ 5 . (55) 

With respect to A^° in Eq. (}54"1) . the local strong coupling scale A^ rp is lowered by a factor 
{w /Mi) 1 / 2 , which is, for our choice w ~ (0.1) x M 4 , of the order (w/M 4 ) 1//2 w 0.3. Setting 
in Eq. ( 1551) m* = M 4 , one arrives at A^L, = (w / M4) 1 / 2 N^ w Mk- In our example in Sec. 15.21 
with m* = M 4 w Mpi, w ~ (0.1) x M Ph e = (0.1) 1 / 20 , and i = 2 1//2 °, the local strong coupling 
scale will thus be pushed to values higher than the local Planck scale M k when k is in the 
regime k > O(10 2 ). For t = 3 1 / 20 , e.g., this would, of course, happen for smaller k. Note 
also that A^ rp reproduces in the limit N k — > 1 the local strong coupling scale in 5D warped 
space given in Ref. [T2] . 

It is instructive to compare A^ rp with the strong coupling scales in 5D lattice gravity. 
In 5D flat space, the strong coupling scale is A|^. = (N 3 / 2 'M^rnfY' 5 , where m x is the mass 
of the lightest graviton and is the number of lattice sites [7]. Since mi = m/N, where 
m is the inverse lattice spacing, we see that, even for m as large as M 4 , the strong coupling 
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scale A|£ is always smaller than the local Planck scale M 4 and that Ajj^ goes to zero in 
the large volume limit A" — ► 00. This situation is remedied in 5D warped space, where the 
local strong coupling scale is A^ rp = (w/M 4 ) 1//2 M fc , in which w is the 5D curvature scale 
and Mk = M^e~ kw l m is the local Planck scale at the kth. site [12J. The strong coupling scale 
A^ rp is independent from N, which allows to take the large volume limit like in RS II [2]. 
However, A^ rp is still smaller by a factor (u>/M 4 ) 1//2 than M k . On our warped hyperbolic 
disk, on the other hand, A^ rp is (i) independent from the number of concentric circles fc max 
and can (ii) become as large as the local Planck scale when approaching the boundary. It 
is, however, important to keep in mind that the local strong coupling scale A^ rp in Eq. (1551) 
has been calculated by restricting to the Goldstone boson sector without taking the coupling 
to matter into account. Next, in Sec. 15.71 we will analyze the strong coupling scale that is 
actually seen by an observer made of SM matter localized at a single site on the boundary 
of the disk. 



5.7 Strong coupling scale for an observer 

To determine the strong coupling scale that an observer would actually see, we have to take 
the coupling of the Goldstone boson fields to matter into account. By the same arguments 
as in Sec. 14.41 we find from A^ rp in Eq. f|53|) that the local strong coupling scale A^ und that 
is seen by an observer localized on a single site on the boundary of the fine-grained model is 

A^ nd = /|J( M ^ 4fc ) 1/5 > (56) 

where k = k max . In the limit m* — > M 4 , we have A^ und — > (u>/M 4 ) 1//2 Mfc, which is the local 
strong coupling scale in discretized 5D warped space with curvature scale w that is observed 
at a site with local Planck scale This space has the same background geometry as the 
5D sub-manifold of the disk that is given by the geodesic line connecting the center with the 
boundary on the disk. One might then wonder under what circumstances the fine-grained 
model can improve the strong coupling behavior of 5D lattice gravity. 

To address this question, we can view the boundary of the fine-grained model as a graph 
of a discretized 5th dimension that is "wrapped" around the disk as shown in Fig. [TUJ The 
interval (a) and the boundary of the disk (b) in Fig. [TUJ have identical size and are described 
by the same 5D background geometry with common coordinate y: they have the same 
number of lattice sites, proper inverse lattice spacings, and local Planck scales. Similar to 
what we saw in the discussion of the coarse-grained model in Sec. [3j the local strong coupling 
scale Aj^ und on the 5D boundary in Fig. [TUJ (b) can be much larger than the local strong 
coupling scale of the unwrapped discretized 5D interval in Fig. [TUJ (a). This is a result of the 
fact that the boundary sites in graph (b) are - different from the sites of the graph (a) - also 
connected by radial links to the interior of the disk. Let us investigate this more explicitly 
for the case where the 5D spaces in Fig. [10] exhibit a non-trivial warp-factor in y direction. 

The geometry of the hyperbolic disk that we are interested in has both a radial depen- 
dence of the warp factor as well as a non-zero warping in (p direction. In other words, in the 
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(a) (b) 

Figure 10: Comparison of a discretized gravitational 5th dimension (a) with the discrete 5D 
subspace on the boundary of the hyperbolic disk (b). Figure (b) shows the graph (a) wrapping 
the hyperbolic disk as a boundary of the fine-grained model (depicted is only a part of the discrete 
boundary, and the hatched region represents the remaining sites and links of the discretized disk). 



language of Sec. [2} the metric is as in Eq. (OQ) with a new warp factor e 2 "^'^, where 

a{r, if) = — w ■ r(l — — ). (57) 

As before, the proper radius of the hyperbolic disk is L. Different from earlier, we have now 
a single IR brane at (r, if) = (L, 0) and a set of UV branes that are located on a straight 
line extending in if — tt direction from the center to the point (L, tt) on the boundary. The 
SM with the observer is assumed to reside on the boundary at the IR brane. 

We define the common 5D geometry of the interval and the boundary in Figs. [10] (a) and 
(b) by restricting the coordinates on the disk to the 5D boundary sub-manifold according 
to (r, if) — > (L, if). The 5D background metric is given by 

ds 2 = e 2u{y) g^{x)dx^dx u - dy 2 , (58) 

where cr(y) = — wvLy/[ir sinh(t> L)\ and y is the 5D coordinate. In terms of the disk parame- 
ters, we have y = y(f) = (vr — y9)t> _1 sinh(wL), i.e., y is equal to the proper distance measured 
along the boundary between the point (L,f) and the UV brane at (L, tt). In Figs. [10] (a) 
and (b) it is y = y{i\) and yi = y{0). 

We discretize the hyperbolic disk and use the same notation exactly as described in 
Sees. I5.ll and I5.2I In the discretized model, the warping in ip direction is implemented by 
redefining in Eqs. (|35|) and (I36l the quantity e k as e k — > e k e ~ k - l / N k^ w here i labels the ith 
site on the kth circle. For example, the local Planck scale on a site (k, i) is now = 
Mie k ( l ~ % l Nk \ and the canonically normalized fields are hfy = il^e^ 1- */ 7 ^/^. In the rough, 
local flat space approximation of Sec. 15.21 we then obtain for the mass matrix element 
between two fields h 'l and h 'l in the limit 3> 1 the expression 

M (k>im) « l e 2(m)(i-™ [(2 + e -2) 4 ^. . _ 8 k+1 j(5 niJ + 8 ni+lij ) - 8 k ^ u 8 [W ], (59) 

where k > 0. Again, for e-i < 1 {e.g., e-£< 0.5), the usual 4D Planck scale M P1 ps 10 18 GeV 
is set by the local Planck scale M 4 on the UV branes, and we have Mpi ~ M 4 . In general, 
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since the UV branes are spread out on the disk around the straight line connecting the center 
with the point (L, it) on the boundary, the fundamental scale M 4 will be reduced a little 
by a volume suppression factor; but this effect is small and can be neglected in the regime 
k max ~ 10 — 10 2 , where M 4 becomes suppressed by only one or two orders of magnitude. 

Switching on a non-trivial warp factor in (p direction will practically not change A^ und in 
Eq. (156|) . since, for a large hyperbolic curvature of the disk, the strong coupling scale on the 
boundary is virtually insensitive to the circumference of the disk. Let us next compare the 
observed strong coupling scales for the two graphs (a) and (b) in Fig. [KB Graph (b) exhibits 
at the IR brane the local strong coupling scale A^ und given in Eq. (15B"]) . In contrast to this, 
we find after discretization of the 5D background in Eq. (1351) that the strong coupling scale 
for an observer localized on the IR brane of the discretized interval in graph (a) at y — y\ is 
given by 

= (^L) 1 / 2 [7rM 4 sinh(^)]- 1 /2( Mfc m^ 4fc ) 1 / 5 , (60) 

where k = k max . Thus, for large vL, the strong coupling scale A^L, in Eq. ()60l) drops below 
Abound m Eq. ( 156]) . This means that the observed local strong coupling scale of 5D lattice 
gravity can be increased by wrapping the discretized 5th dimension around a hyperbolic 
disk. This requires, however, that the warping in y direction is not too large: If vL ~ 1, 
then A^ nd and A^ rp in Eq. (1601) will become identical. 

Let us estimate the 5D curvature scales —a(y)/y for which A^ und becomes significantly 
larger than A^ rp in Eq. (16"U|) . We consider the specific example given at the end of Sec. 15.21 
where we formally take e = (0.1) 1//20 and I = £ 1//20 . Here, the proper radius is fc max ~ C(10 2 ) 
units M^ 1 wide and m* ~ M 4 . The 6D curvature scale is w = Mpi/10 and M 4 « Mpj. On 
the boundary, the number of sites is iVfc max ~ (9(10 4 ), and the local Planck scale at the IR 
brane is Mfc max = e fcmax Mpi ~ 1 TeV. The curvature scale for the warping in y direction is 
—cr(y)/y — 10~ 3 x w, and the strong coupling scale A^ in Eq. (160]) is by a factor ~ 100 
smaller than A^^ in Eq. (156]) . We thus find that the strong coupling scale seen by an 
observer located on the 5D boundary sub-manifold of the disk can be significantly larger 
than the strong coupling scale in the corresponding discretized 5D warped space for values 
~ a (y)/y ^ ^4 x 10~ 3 °f the 5D curvature scale. 

6 Application to Dirac neutrino masses 

So far, we have only been considering the case where gravity is propagating on the disk. 
In this section, we will be concerned with matter in the bulk and formulate a model for 
small Dirac neutrino masses by implementing on the hyperbolic disk a discretized version 
of the volume suppression mechanism of Ref. [2H]. The volume suppression mechanism in 
the large extra dimensional scenario is attractive, since it yields a purely geometric origin of 
neutrino masses. For simplicity, we shall restrict here to the coarse-grained model described 
in Sees. [3] and HI Note that, in the following, gravity is not really relevant for generating 
neutrino masses, and we could equally well have non-gravitational extra dimensions and 
couple matter only to a single copy of gravity. We work, nevertheless, in the theory space 
of Sec. [31 since it allows to avoid the experimental bounds on extra KK-neutrinos and KK- 
gravitons for the same reason: The curvature of the disk generates a big mass gap between 
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the zero mode and the higher KK-excitations that is not related to the large bulk volume. 

The parent continuum theory which we discretize contains a massless right-handed (RH) 
SM singlet bulk neutrino that can propagate on the disk, or some sub-space thereof, while 
the SM fields are all located on a single point on the disk. Specifically, we consider the total 
action of the bulk neutrino on the disk as a combination of the following two limiting cases: 
(i) the bulk neutrino propagates only within the star sub-geometry of the disk and (ii) the 
bulk neutrino propagates only in the circle sub-geometry. 

Let us first consider case (i): the action for the gravitons is described by iSdisk i n Sec. I4.3[ 
but the latticized RH bulk neutrino propagates only in the star sub-geometry. The bulk 
neutrino is represented in the discretized theory by putting on each site % one 4D RH SM 
singlet Dirac fermion = (vm, uf R ) , where v iR and u? R are 4D two-component Weyl spinors 
and i = 0, 1, . . . , N. The star sub-geometry, with N sites surrounding the center, can be 
thought as being composed of N two-site models that are glued together at the site % — 0. It 
is convenient to label these two-site models as (0, i), where i — 1, 2, . . . , N. To obtain here the 
action of the RH bulk neutrino, we consider each two-site model (0, i) as the coarse-grained 
limit of a latticized fifth dimension that is compactified on an interval [0, Rj\ and apply 
discretized orbifold boundary conditions at the endpoints. In this picture, the continuum 
limit of the star sub-geometry is a configuration of N continuous intervals [0, R4] which 
intersect in their common endpoint 0. The RH bulk neutrino propagates in this continuum 
theory as a 5D field on the intervals and is subject to orbifold boundary conditions at the 
endpoints of the segments [0, R4]. We denote the 5D bulk neutrino by \I/ = (u R , u R ), where 
vr and v R are 5D two-component Weyl spinors, and assume on each of the N intervals the 
Neumann and Dirichlet boundary conditions (Ovr/ dyi)\ y . =0 R . = and v R \ R , = 0, where 
Hi G [0, Rj\ is the coordinate of the interval [0, Ri\ and i — 1, 2, . . . , N. The discretization of 
these boundary conditions has been described in Refs. [HI [151 E0] and produces, in the limit 
where each interval [0, Rj\ is replaced by a two-site model (0, i), from the latticized kinetic 
term of \I/ the neutrino mass terms 

£(o,i) = rn*(v iR u- R - v 0R v- R ) + h.c, (61) 

where we have chosen a common length = R ~ m" 1 for all intervals. In the flat limit 
fiV — > Vfifj we then take the total action for the bulk neutrino in the star sub-geometry iS* ar 
to be S^ tar = J d 4 x(^ i=0 i^i0tyi + J2i=i Ao,«))- ^° include the effect from the boundary, let 
us next consider case (ii): the latticized RH bulk neutrino propagates only on the boundary 
of the disk. For this case, we take the action of the latticized RH neutrino on the circle 
<S* rcle to be of the Wilson-Dirac form <S* rcle = / d 4 x ^2f =1 (i^j + C^i+i)), where we have 
introduced a discretized kinetic term 

= m ' u iR( u (i+l)R ~ v< iR) + h - c -> ( 62 ) 

for each pair of sites (i, i + 1) on the boundary of the disk. For definiteness, we suppose also 
that N is even. The action <S* rclc has been widely discussed in the literature as a standard 
example for a fermion propagating in a latticized fifth dimension compactified on the circle 
S 1 [UJ (see also, e.g., Refs. [2TJ, [22]). Now, we define the total action of the bulk neutrino 
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on the disk S^ isk by simply adding the mass terms to 5* ar such that 



°disk 
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(63) 



where C is some suitable dimensionless parameter. The mass terms in Eq. (1631) give rise to 
the (N + 1) x (JV + 1) Dirac neutrino mass matrix 
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(64) 



where the rows and columns are spanned by {vqr,v\r, ■ ■ ■ ,vnr) an d ( u or^ u irt ■ ■ i u nr)i 
respectively. We can choose the parameter C such that the matrix MuMjj becomes identical 
with the graviton mass matrix Mg in Eq. (fill) , in which case the RH neutrino masses are 

given by Eq. f[T5"]) . The mass matrix MjjMjj is then diagonalized by expanding 
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(65a) 
(65b) 



where i — 1, 2, . . . , N and v n R (n — 0, 1, . . . , N) is the rath mass eigenstate belonging to the 
mass eigenvalue M% given in Eq. f|T5l) . In Eqs. (165]) . we thus have one zero mode neutrino 
Oqr with flat profile, one heavy neutrino Onr with mass Mn ~ m^y/N, and N — 1 states 
v\r, &2R, • • • , vn-i with masses M n that become M n w m*, for m* ^> m. 

Let us now introduce the SM neutrinos by adding all SM fields on a single site on the 
boundary, e.g., on the site 2 = 1. To simplify the discussion, we assume like in Ref. [29] 
that B — L is conserved in the bulk and assign the bulk neutrino a B — L number opposite 
to that of the SM leptons. On the site i — 1, we then have a local Yukawa interaction 
C 



hit 



faia^HuiR + h.c, where 



are the lepton doublets with generation 



index a = 1, 2, 3, while H is the Higgs doublet, and f a is a dimensionless order one Yukawa 
coupling. Going to momentum basis, C- in t approximately reads 



C 



int. 



fa—f=V a C>0R + h.C. 



N 



(66) 



and produces a Dirac neutrino mass term between the active neutrinos u a and the zero 
mode 9qr that is suppressed by a volume factor y/N = V Rm. This is the analog of the 
volume suppression mechanism in Ref. [29]. In the coarse-grained model, for m* ~ m and 
x = vim* > 1, we have iV ~ 7rexp(x — lnx), i.e., a moderately large curvature v [e.g., 



29 



v/m* = 0(10)} gives an exponentially large number of sites N. For (H) ~ 10 2 GeV and 
iV ~ 10 24 sites, the Dirac neutrino masses will be of the right order ~ 10~ 2 eV, which would 
correspond to v/m* ~ 60 in the above approximation. The important point is here that the 
strong coupling scale is, even in the large N (or large volume) limit, always bounded from 
below by Ajisk = (Mpimf) 1 ^ 5 . Since all massive neutrino singlets have a mass larger than 
m„ it follows that for m* > 1 GeV all constraints on KK neutrinos from astrophysics and 
the early universe [31] are avoided. 

Note that we have been using here the coarse-grained model with many sites on the 
boundary as a tool for estimating quickly the effect of putting a RH neutrino in the bulk 
with large volume. The number of sites N measures the size of the hyperbolic disk in the 
corresponding continuum theory, where the same N would be simply interpreted as the 
number of KK modes below the fundamental Planck scale. Therefore, Eq. fl66l) is exactly on 
the same footing as the well-known continuum result of Ref. [29], and provides an attractive 
origin for small Dirac neutrino masses. 

7 Summary and Conclusions 

In this paper, we have investigated gravity in a 6D geometry, where the two extra dimensions 
are discretized and form a hyperbolic disk with constant curvature. We have studied two 
types of discretizations of the disk. In our first model, we have considered a coarse-grained 
discretization with N sites on the boundary and one site in the center of the disk. For this 
case, we have determined the mass spectrum and mass eigenstates of the gravitons and found 
in the limit of large curvature a typical KK-type spectrum sitting on top of a large mass 
gap between the zero mode and the first massive mode. This mass gap is set by the inverse 
radius of the disk while the other modes become essentially degenerate in mass. This feature 
allows to avoid all existing constraints on KK gravitons from Cavendish-type experiments, 
astrophysics, and cosmology. Additionally, this model contains a single massive mode that 
becomes very heavy in the large N limit. We have also discussed collider signatures of the 
coarse-grained model at the LHC and at a possible future linear collider. 

The strong coupling scale in this coarse-grained model without couplings to matter con- 
verges for large N to a, value like in the theory of a single massive graviton, where the 
graviton has a mass of the order of the inverse proper radius of the disk. This is completely 
different from a discrete gravitational extra dimension in 5D flat space, which exhibits a 
UV/IR connection problem, where the strong coupling scale would eventually go to zero 
when taking the large N limit. This UV/IR connection problem, however, is absent in the 
coarse-grained model, where a sensible EFT is defined in the large N limit. Even if interac- 
tions with matter are included, the theory remains valid, but with a lowered strong coupling 
scale. In this model, we have also studied an implementation of a bulk fermion that allows 
to generate small Dirac neutrino masses in the limit of a large curvature of the disk via a 
discrete version of the well-known volume suppression mechanism for Dirac neutrino masses 
in flat extra dimensions. Again, due to the particular form of the spectrum, all experimental 
and observational constraints on the massive KK-type neutrinos are avoided. 

In our second model, we describe a fine-grained discretization of the hyperbolic disk with 
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nonzero warping along in radial and angular direction. In this setup, the sites are situated on 
equidistant concentric circles and, as a result of the curvature of the disk, the number of sites 
on the circles grows exponentially in radial direction. We have calculated the graviton mass 
eigenvalues and mass eigenstates in the fine-grained model by going, as suggested previously 
in an analysis of the discretized 5D RS model, to a rough, local flat space approximation. 
Moreover, we have determined in the fine-grained model a local strong coupling scale from 
the kinetic mixing matrix between the gravitons and scalar Goldstones. The existence of a 
local strong coupling scale in the fine-grained model is, like in the corresponding 5D case, 
a result of the warping, which avoids the UV/IR connection problem from flat space by 
locally introducing an effective size or volume of the extra dimensions. Taking the coupling 
to matter into account, we find that the local strong coupling scale seen by a brane- localized 
observer on the boundary can become as large as in a discretized 5D warped model which 
has the background geometry of a geodesic line connecting the center with the boundary. 
Moreover, it turns out that the observed strong coupling behavior of gravity in discretized 
5D warped space can be improved in six dimensions by wrapping the graph of the fifth 
dimension as a boundary around the fine-grained model. This holds for a 5D curvature scale 
that is roughly at least by a factor 10~ 3 smaller than the fundamental scale. 

In conclusion, we have seen for different implementations of two discrete gravitational 
extra dimensions compactified on a hyperbolic disk that a high curvature or strong warping 
of the disk allows to avoid the UV/IR connection problem of lattice gravity in flat space. 
This observation is similar to the result in 5D warped space. By going to six dimensions 
on the hyperbolic disk, however, it is, for a range of 5D curvature scales, possible to further 
improve on the boundary the strong coupling behavior of lattice gravity in 5D warped space. 
Moreover, a strong curvature of the disk allows to avoid all constraints on KK-states and can, 
e.g., be employed for generating small Dirac neutrino masses in agreement with experiment. 

It would be interesting to relate our analysis, e.g., also to moduli stabilization in effective 
theories, to theories with spontaneously broken space-time symmetries [32], and to studies 
on the implications of latticized extra dimensions for cosmology |33j . 

Acknowledgements 

We would like to thank K.S. Babu, I. Bengtsson, M. Blennow, T. Enkhbat, N. Kauer, T. Kon- 
standin, T. Ohlsson, and M.D. Schwartz for useful comments and discussions. This work 
was supported by the "Sonderforschungsbereich 375 fur Astroteilchenphysik der Deutschen 
Forschungsgemeinschaft" (F.B.), the Goran Gustafsson Foundation (T.H.), and the U.S. De- 
partment of Energy under grant number DE-FG02-04ER46140 (G.S.). 

A Gravitational action on the hyperbolic disk 

In this section, we determine the gravitational action on the hyperbolic disk K 2 introduced 
in Sec. [2j We start with the 6D metric (Jmn as defined in Eq. where g^ u = e 2a( - r ^ g^, 
<755 = —1, and gee = — sinh 2 (t>r)/(i> 2 ). Partial and covariant derivatives are denoted by 
commas and semicolons, respectively. In these coordinates, the nonzero Christoffel symbols 
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are given by 



r p 

1 u5 



r 5 

1 66 



—£9 9ms, r 



fJ,V 



-g gnv,6, 



2^ 55 ^66,5 = -^sinh(2wr), J." 



6 

56 



g m gm,5 = vcoth(vr), 



(67) 



where Yj} c = Yq b . Note that, due to the block-diagonal form of the metric gMN, the 
internal summation in Y a runs only over 4D indices. The 6D Ricci tensor is defined by 
R 



MN 



MA.N 



Ym N A + ^bn^ma ~ ^mn^ba^ and the 6D Ricci scalar is R = R M Ng 



~MN 



For our considerations, it is useful to introduce the quantity 

p [-pa -pa , pa p/3 p/3 -pa 1 

-"AD — g [J- M a 5 y 1 T 1 ^1 ^ a 1 ^1 ^qJ • 

Since the warp factor is only a function of r, we have Y a = \g ap (gpp, v + <7 WAt — g^p), and 
the 4D Ricci scalar i? 4D in Eq. ([7]) is thus related to _R 4 d by -R4D = e 2<J< - r ^i?4D. In Eq. (JSJ), we 
can write = a/|^|(^ mi/ -R m ^ + g 55 R?,5 + g m Rm)) where the first term reads 
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Here, the derivative of the Christoffel symbol with respect to r (or (p) can be written as 
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where we have used the identities ( y \g\),A — y \g\Y B A an d g 5 
to obtain respectively the second and the third term on the right-hand side in Eq. (I7UI) . We 
thus have 



\g\gTR 



[IV 



4D 



~g\g^l 



pv 



\~g\~g^l 



pv 



(71) 



Similarly, one finds 
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In Eqs. (I72p . we have 
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and in Eq. f[73l the last two terms can be written as 
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where we have used the relation g efc Tg 6 = —g 55 Tg 5 . The first term on the right-hand side 



in Eq. (IT41) cancels the term — 2y^jg 55 r" 5 rg 5 in Eq. (172 aft while the last term yields the 
cosmological term yj^[- (— 2v 2 ). Putting everything together, the total action S in Eq. ([6]) 
can be written as S = 1S4D + 5 sur f ace + 5 mass , where £40, the surface terms iS sur f ace , and the 
action S mass giving rise to the graviton mass terms, respectively read 
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Let us first consider <S sur f ace , which is given by 
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The (yj-integral over the second term vanishes for periodic boundary conditions in ^-direction 
and the first term yields <5> sur f ace = M| / d 4 x dip [\fW\^ b g^ v g^A7=o > which vanishes for 
suitable boundary conditions at r = 0, L. In a simplified form, iS mass can be written as 
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With g^ = e^^g^, \g\ = e 8CT(r) \g\, and i? 4D = e 2<j(r) ^ 4D , we then arrive at Eq. 
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